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We have carried out Brownian-dynamics simulations of a charged colloidal suspension under oscillatory
shear flow with both Couette and Poiseuille velocity profiles. We show that in the “steady-shear” limit, for
both of the velocity profiles, the enhancement of the self-diffusion coefficient in directions transverse to the
flow shows a crossover from a 3* dependence to a "2 dependence as the shear rate ¥ increases. The
magnitude of the enhancement is a function of the interparticle interaction strength. There is a layering
tendency in the direction of the velocity gradient for Couette flow, while such a tendency is not that prominent

for Poiseuille flow.

PACS number(s): 82.70.Dd, 47.50.+d

Charge-stabilized monodisperse suspensions of polysty-
rene spheres [1] are good model systems for the study of
both the structural and dynamical properties of solids and
liquids in equilibrium states as well as in states driven far
from equilibrium [2]. The macrosize of the colloidal particles
(radius R~ 500 A) and their large interparticle separation
a, result in a density relaxation time 7 that is orders of mag-
nitude larger than that of conventional liquids. Typically,
7~Dy /af~ 1073 sec. Here ag=n, 3, n, being the polysty-
rene sphere concentration; and D, is the self-diffusion coef-
ficient in the noninteracting limit, Dy=kzT/67mmR, 7 being
the viscosity of the solvent. As a consequence, it is possible
by readily available means to apply shear rates () in the
laboratory which are comparable to 1/7, and interesting flow
behavior under shear can be observed [3].

Recently, Qiu et al. [4] performed forced Rayleigh scat-
tering experiments to measure the self-diffusion coefficients
of polystyrene spheres in aqueous suspension under an oscil-
latory Poiseuille shear flow. They measured the self-diffusion
coefficients in directions both transverse and parallel to the
flow. They found that the self-diffusion coefficients in all the
directions increase linearly with y (apart from the usual Tay-
lor enhancement in the flow direction [5]). The slope of the
linear enhancement increases monotonically with the inter-
particle interaction strength and is absent in the noninteract-
ing limit. They did not find any evidence of ordering induced
by the shear flow in their experiment.

Subsequently, Brownian-dynamics simulation studies [6]
were carried out on a polystyrene sphere suspension in the
presence of an oscillatory Couette flow, where the particles
were assumed to interact with each other by means of the
Derjaguin-Landau-Verwey-Overbeek (DLVO) potential [1].
Contrary to the experiments [4], the increases in the self-
diffusion coefficients in the transverse directions varied as
¥"2. In addition, a tendency towards layering in the velocity
gradient direction was observed, which resulted in a value of
the self-diffusion coefficient smaller in this gradient direction
than in the direction normal to the shear plane (the plane
containing the velocity and the velocity gradient directions).
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Given that the velocity profile used in the laboratory ex-
periment is different from the one used in the computer
simulations, an important question arises whether the differ-
ence in the 7y dependence of the self-diffusion coefficients is
due to the difference in the velocity profiles. Furthermore,
the mode-coupling calculations of Kirkpatrick [8] for atomic
fluids predict that the shear viscosity as a function of 7y
shows a crossover from a ¥ dependence in the low ¥ regime
to a ¥ dependence in high ¥ regime. It is interesting to ask
if such a crossover takes place for colloids too, although no
such crossover for the self-diffusion coefficient [7] as a func-
tion of the shear rate has been reported in Ref. [4] or in Ref.
[6].

In this paper we present the results of Brownian-dynamics
simulation studies of a polystyrene sphere system (similar to
that in [6]) subjected to Couette and to Poiseuille shear flow.
Our motivation was (1) to check whether the different veloc-
ity profiles lead to different results and (2) to see whether the
above-mentioned crossover is present in colloids. Some of
our key results are given in Figs. 1 and 2, for the flow ge-
ometry as in the inset of Fig. 1(a). They are supportive of a
crossover in the ¥y (y=+y7, a dimensionless shear rate vari-
able) dependence of the fractional change in the transverse
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FIG. 1. Log-log plot of 6D, /D, (a) and 8D, /D, (b) as func-
tions of ¥ for Couette flow. In both the cases the best fit lines with
assumed slopes of 2 and 0.5 are also shown. The flow geometry is
indicated in (a).
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FIG. 2. Log-log plot of 6D, /D (2) and éD, /D, (b) as func-
tions of y for Poiseuille flow. In both the cases the best fit lines with
assumed slopes of 2 and 0.5 are also shown.

self-diffusion coefficients, 6D, /D,=[D,(y)—D,(y= 0)]/
D,, and 6D /DO-—[DZ(y) Dz(y 0)]/D0 from a %? de-
pendence for low % (¥<0.1) to a %'/> dependence for higher
v (y>0.1), for both the velocity profiles. We also find a
pronounced layering effect in the case of Couette flow but
not in the case of Poisseuille flow.

The system we considered was an aqueous suspension of
polystyrene spheres of radius R=0.038 um. The volume
fraction, ¢ (=4mR>n »/3) was 0.003 as in the experiments
[4]. The interaction between two polystyrene spheres sepa-
rated by a distance r was taken to be of the DLVO form [1]:

V(r)=(Z*e)?*exp(2R/N)(1+R/\) ~%exp(—r/\)/er,
1)

where € (=78) is the dielectric constant of the medium, Z*e
(Z*=200 as in [6]) is the effective surface charge of the
polystyrene spheres (e being the electronic charge), and A is
the Debye screening length given by

A" 2= m (n Z%)e +2 z00)?). ()

ekT

Here n, is the number density of the impurity ions of type
a with charge z,. We neglected the hydrodynamic interac-
tions between the polystyrene spheres, because it has been
suggested [4] that this is not important for ¢ and ¥ values we
considered. Our simulations were carried out using the
Brownian-dynamics algorithm due to Ermak and Yeh [9].
Here, in the absence of shear, the position of a polystyrene
sphere r(z+ 6t) at time ¢+ 5t is updated from its position
r(t) as

r(t+5t)—r(t)+ Do F(t)61+X 3)

where F (t) is the force acting on the given polystyrene
sphere due to all other polystyrene spheres in the system at
time ¢ via Eq. (1). The components of X are random displace-
ments sampled from a Gaussian distribution with zero mean
and variance 2D dt. In the presence of the shear flow, with
the geometry illustrated in Fig. 1(a), we add an extra contri-
bution due to the shear to the right hand side of Eq. (3) as in
Ref. [6]:
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Ty . 3
— zsin(wt) 6t x  (Couette);

or shear — 2

ﬂ”Y 2 2\ . s . .
=T(L /4—z°)sin(wt) 6t x (Poiseuille).

Here o is the shear frequency and L (=N'? in units of a,,
where N is the number of particles in the simulation box) is
the length of the simulation box. Since we were interested
mainly in the “steady shear” limit we chose w<<7y. We took
w/27m=5 Hz for ¥>0.23 and w/27=0.25 Hz for y<0.23.
We, however, verified that different physical quantities cal-
culated do not depend on w for a given y. The integration
time step &t should be much smaller than the density relax-
ation time 7 (=5.7X107 sec), but much larger than the ve-
locity relaxation time (~1071° sec, given by m/6mqR,
where m is the mass of a polystyrene sphere) of the system.
We used 6t=0.0047 such that the system remains stable un-
der the highest ¥ for the smallest A we studied (as monitored
by steady values of the potential energy per particle and the
radial distribution function).

The bulk of our simulations were done on N=500 par-
ticles in a cubic box with periodic boundary conditions in all
three directions. In case of Couette flow, we assumed that the
top of the box is moving relative to the bottom; so if a
particle exited from the top, it was reintroduced at the bottom
with a shift equal to 7yLsin(wf)4t/2, which is the shear dis-
placement at the top of the box [6]. We extensively studied
the case of N\/a;=0.471 for both velocity profiles and differ-
ent shear rates up to y=3.42. For a given 7, the steady state
configuration of the previously studied y was taken as the
initial configuration. The cutoff of the DLVO potential was
kept at 2.5a;. We used the minimum image convention and
constructed the Verlet neighbor list (updated every ten steps)
to calculate the force on a given particle due to all other
particles. Typically the first 10 000 steps were discarded in
order to allow the system to reach the steady state.

In the steady state, we calculated the anisotropic structure
factors and the self-diffusion coefficients in directions
transverse to the flow as follows. The anisotropic structure
factors were calculated directly using the following
definitions:  S(q,)=HZY,_,explig,(vi—y)]) and S(q,)

N<21 J=1 CXp[lqz(Z )]) for (qy ’qz):(zw/l')(ny ’"z)'
Here N is the number of particles in the system and
the angular bracket denotes averaging over a large num-
ber of steady state configurations {x;,y;,z;}. We also

calculated the mean squared dlsplacements M (¢)
=32y (0 —yi(O)F and M (1)=3Z,[2(0)~2/(0)]?
for a given choice of initial configurations

{x:(0),y:(0),z,(0)}. These two quantities were averaged
over 15 (for high ¥) to 20 (for low %) initial configurations,
chosen at time intervals = 57 (the interparticle diffusion
time) up to a time of 0.6 sec (for high ¥) and 0.75 sec (for
low ). These were finally averaged over two (for high ¥)
and four (for low ¥) independent runs. A number N, of
initial data for M, and M, were discarded and the rest were
partitioned into segments of time width A=57. The slopes
of M, and M, versus ¢t were calculated for each segment
yielding two distributions. The means were assumed to give
2Dy, and 2D,, and the variances, error bounds on 2D, and
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TABLE I. Best fit exponents for different y regimes and for different velocity profiles.

Couette Poiseuille
for 6D, /D, for 6D, /D, for 6D, /D, for 6D, /Dy
region of y a, region of y a, region of y a, region of y a,
$<0.11 1.96 y<0.11 1.66 ¥<0.11 1.70 3<0.11 1.86
¥>0.11 0.57 ¥>0.17 0.59 y>0.11 0.56 y>0.11 0.59

2D, . This led to our data for 6D, /D and D, /D, shown in
Figs. 1 and 2.

We fitted our data for the self-diffusion coefficients using
6D, /Dy=A,y" and D,/Dy=A,y* with separate fitting
parameters (A, ,a,) and (A,,a,) in the low and the high ¥
regimes. The corresponding exponents, given in Table I, are
close to 2 and 0.5; if they are set to these values, the best fits
are as shown in Figs. 1 and 2. Thus our results clearly indi-
cate a crossover in the y dependence of 6D, ,/D,, from a
¥* dependence for low ¥ to a %'? dependence for high ¥,
for both velocity profiles with crossover at ¥~0.1, in agree-
ment with the calculations of shear viscosity in sheared
atomic fluids [8] as well as with recent calculations of self-
diffusion coefficients in sheared polystyrene sphere systems
using mode-coupling theory [10].

We note that for large y regime our error bounds on
D,/Dqy and D,/D,, estimated as indicated above, varied
from 5% to 12%. The changes in D, /D, and D,/D, with
7 in this region are sizable compared to these error bounds.
Hence one can regard the ¥ dependence of 8D, ,/D, in-
dependently of the velocity profile, as conclusively estab-
lished. However, for low y, D, ,/D, are themselves very
small, and if we take our error bounds on D, , /D (typically
8%) seriously, we cannot make any conclusive statements
regarding the y dependence of 6D, ,/D,. The same would
be true of presently available experimental data as well. Nev-
ertheless, we do believe that the trends clearly visible in
Figs. 1 and 2 indicating the %* dependence of éD, . /D for
the low vy regime are to be taken seriously. We have checked
this in two ways. (1) For a given system size (500 particles),
we found that averaging over four instead of two indepen-
dent runs reduced typical error bounds from 10% to 8%,
whereas the mean changed at the most by 2-3 %. (2) We
carried out the simulations for 864 particles under Couette
flow for low ¥ and calculated M, ,(¢) up to 1 sec, averaging
over two independent runs. We found that errors once again
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FIG. 3. First peak heights of the transverse structure factors,
Smy and S,,,, as functions of ¥ for Couette flow (a) and Poiseuille
flow (b). Note the difference in the scale of the vertical axis in the
two cases.

reduced to 8% from 10% (for 500 particles) and the mean
values showed a slight downward shift <3%.

Next we draw attention to Fig. 3, where we show S,,, and
Smz, being respectively the first peak heights in S(q,) and
S(q.), as functions of vy in the large y regime for both the
velocity profiles. The anisotropic structure factors were cal-
culated by averaging over typically 200 configurations
sampled every 25 Brownian-dynamics steps. The enhance-
ment of S,,, compared to S, indicates that there is a ten-
dency to form layers parallel to the x-y plane as a result of
the shear flow. This tendency is clearly pronounced in the
case of Couette flow. In the low 7y, we find that S,,, is in-
sensitive to system size (108=N=<2864) but in the high ¥,
S, grows with system size perhaps indicating a layering
transition [11]. One would then expect that the diffusion be-
tween the layers would be suppressed relative to that within
the layers implying that D, <D, . This is indeed the case
with our data, in agreement with the findings of the earlier
simulations [6]. We find that in the Poiseuille case too, D, is
larger than D, for all 7y, but with smaller differences, con-
sistent with the smaller increase in S,,,, .

It has been reported [4] that the enhancement in the self-
diffusion coefficient depends on the interaction strength be-
tween the particles, the enhancement being altogether absent
in the noninteracting case. Accordingly, we have studied the
dependence of A, and A, on the Debye screening length, but
only in the high shear regime where our error bounds
on 8D, , are reasonable. For each A/a,, we determined A,
and A, by fixing the exponents «, , at 0.5. We find that
A,~(Nag)?' and A,~(N/az)*® [Figs. 4(a) and 4(b)]. It
would be worthwhile to understand this dependence analyti-
cally.

In conclusion, we have presented in this paper results
from extensive Brownian dynamics simulation studies of a
polystyrene sphere system subjected to Couette and to Poi-
seuille shear flow. Our results are in agreement with the ear-
lier simulations [6] in the large ¥ regime; however, for low
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FIG. 4. A, (a) and A, (b) as functions of N/a,. The points are
obtained from the simulation data and the solid lines are the best fits
(see text).
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v our results are very different. They suggest that the shear
induced enhancement in the transverse diffusion constants of
colloidal suspensions also exhibits a crossover analogous to
that found by Kirkpatrick [8] for the shear viscosity of
atomic fluids, as predicted in a recent calculation by Indrani
and Ramaswamy [10]. The magnitude of the enhancement
depends on the Debye screening length as found in the ex-
periment. Its dependence on the shear rate does not seem to
depend on the geometry of the velocity profile. However, the
structural ordering induced by the shear flow is dependent on
the geometry of the velocity profile. This may have bearing
on shear induced ordering investigated recently [12]. Our
results on the ¥ dependence of the self-diffusion coefficients
do not agree with that found in the laboratory experiments
[4] in any regime of y. The discrepancy between experiment
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and simulations is not due to the difference in the velocity
profile, and needs to be resolved. Perhaps it is due to the
neglect of the hydrodynamic interactions in the simulations;
this needs to be looked into. Finally, it would be very inter-
esting if the crossover between the low y and high y regimes
seen in our simulation can be observed experimentally, even
though this would call for very accurate measurements of the
diffusion coefficients.
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